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1.
2k+1 &k here & ; cant
= where £ is a constan
k+7 k+4)
(a) Show that M is non-singular for all real values of £.
3)
(b) Determine M in terms of k.
()
0. Matix M 1y non-singular = det (M) #+ O
¥ We oy 40 Shou et der (M =0 ke an KER K
- oty oy findng  der (W)
T :
| x=|—o b—| :
el
I I
| g - ) - (o) !
aer (m) = (me)- - (&) (x+3)
= (&6 * A+ 4) - (k"+3x)
= Qk"t Qe+ 4 - k" -F«
2 k" e2k ¥ 4
der(M) = K+ 2K+ & o
2 tne
(k+) -1+ 4 square
= (ken) +3
Nohce ot ol for all Volues  of k, Posvve o vegerhve (ken” 20 . - (k) +3 23
Tre  Smoliest value  of  detr(M)=3  nen k=-1
~-odet[m) ag pon-ginguish  for ol feal volus  of K
| AP e '
[} I
ix=|—0 Bl X 4 |—‘Q—| i
@ ol @ o |
@B - - (k) - €k m'- 4 [ked x|
S s - (ke7) - e Saxed [t 2xes]
Q ) 85
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f(z) =22+ pz’ + gz — 41
where p and ¢ are integers.

The complex number 5 —4i is a root of the equation f(z) = 0

(a) Write down another complex root of this equation.

(1)
(b) Solve the equation f(z) = 0 completely.

“4)
(c) Determine the value of p and the value of g.

(2)
When plotted on an Argand diagram, the points representing the roots of the equation
f(z) = 0 form the vertices of a triangle.
(d) Determine the area of this triangle.

(2)

3 2
GiFof o Cuoc  of” win form: QX +OX + CX + 0, There  pre D ook
iThere  ofe 2 posgbwhes : 3 feal  roars
! 1 real root @na 2 complex yoors (conjugate pow)
Tre ommer complex ror MUk ke e (omples  copugate of  (5-41)

flip Sgn of imagmary  component

5 +4i

b. (-2 (s - 4') %—(s«»m))(z-y) onee 1S o root
(2-5 +ai)(z-5-41)(2-7)
(z -S2 -4% - S%+as+QOL+/M€—,201-1(,L‘)(%—K)
(2*-10= ras -16(0)(z-¥)
(25-10% + 41)(2-7)
2% -102%+ 41z - v2°+10¢2 - 41y
12+ (-10-5) 2%+ (41+10%) 2 + (-417) <2
@)z + (-a0-a5)2* + (8a+a0v) 2 + (-8a¥)
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Question 2 continued

couor.  coeffcenis 10 £2): (1) &> R
2) -Qo0-af5- Ff

(3) B2+20%= &
(4) -827%- -4)
ue @ b ove ¥ -B2T: - 4)
-4
-82
¥ 3

C. Swo Y¥:72 batk nwio (2 ona D o f P 0na g

(3) -20-3%:¢p (4) %2+20%-9
-ac-al(3)-p 82+20(z):9q,
p=-2ai g-9L

|P= "'D?I'lq""qz

d- ™
S+4i
"1
] " 7 g Ll
h (NOT DRAWN TO SCALE)
s

1.4
Apot= z*z > 8:=18

AAOT =18 umis®
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3. The hyperbola H has equation xy = ¢ where c is a positive constant.
The point P (ct, %j, where ¢ > 0, lies on H.

The tangent to H at P meets the x-axis at the point 4 and meets the y-axis at the point B.
(a) Determine, in terms of ¢ and ¢,
(1) the coordinates of 4,

(i1) the coordinates of B.

“4)
Given that the area of triangle AOB, where O is the origin, is 90 square units,

(b) determine the value of ¢, giving your answer as a simplified surd.

2)
o. Fisiy, fnu tongem 4o W @ pont P

Dfearhare  feciangulor nyperbold. eq” waty. L
T
xy:=C

(€]
(e,

(o]

R

_C"
mmCX s ST

Sub n_ pomt P (et €):

ﬂ - Cl : - - -1
T
eeg)  (ce) AL

-1

Mg &

set up 1ne eq" 3-3.= ™M (x-x,) vt Mm: —7:_"'
{y'llUI): (C‘tl %)
y- - ‘%;(x—ct)
+*(y- %) '(x-ce)
t2y-ct= -o+ct

t1'3+3t,=£?u; ).

. @ a-ows, y=0 ,50 90 Hna wmen Hongent OIS  D-, 88k Y= O
£Z0) + X =Act
24t
A (act,0)
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Question 3 continued

i - A= 0, -a2 =0
t2y x l0) =Qct
t7y=4act
. At ac
*e %
B(o &)
3/
b oo O Sketth:
‘B(O,ZT:) X
2c 5 s
€ N
2 .
o Mawo)

a ™ PoB: At) x[ac] =430

a % )

ac*= 90

©c*sas
C=#das’s 2 3%
Howewr @ Shokes € 18 o postwe  esrat - €= 345 only
C: 33§
: (Total for Question 3 is 6 marks)
555 J

9

~mam MR R0 A O Turm over »
P 7 4 3 0 9 A 0 9 3 2



1 0
A =
0 3
(a) Describe the single geometrical transformation represented by the matrix A.
(2)
The matrix B represents a rotation of 210° anticlockwise about centre (0, 0).

(b) Write down the matrix B, giving each element in exact form.

(1)

The transformation represented by matrix A followed by the transformation represented
by matrix B is represented by the matrix C.

(c) Find C.
(2)

The hexagon H is transformed onto the hexagon H' by the matrix C.

(d) Given that the area of hexagon H is 5 square units, determine the area of hexagon H'
(2)
- Stoft oy dfoung 0 Coodmale Oxs  ond  manc coordinates {1) and (2)

then mark  ne  coordinates of  nen  mamx

\dk motnx T Moz A
/ eﬂ‘h"ﬂ / R

10 Fonsformohon no
o 1 - o3

Y, (%) Y
o N

y-Cdargnate has leen

10

((“) Swekned 3% 10 y-oxs (|)

Siettn  Scole  factor 3 pomliel 4o fme  Y-axs

sne (Eo fwwoogn & abour O

Sub m 8=210° < |os010) —sepw)| _, | ¥ 1
sal21)  cas(z0) _'lz -J_z_?'

[}
[}
: |:0°‘w '5""9:| « Ponclockwse totawn  (Gen i Formuloa. bookiet)
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Question 4 continued
= ¢
Lt ¥
C. order: C =RA
c-[% 4 ][1 o]
L+ ¥ ][0 s
[ (oo |- [F 3]
| (D +2)6 (1)@ +(E)E)| |3 38
co[%€ 3]
Lt ¥
d. | der(m 1= gren scole  facror
w[os] |
o lea]
-0 10
det (c) = (’%)‘) -(2)(-3)
=3
det () = 3
lder () =131=3
Proo  H x 2= Pre of H’
S x 3 =13
B of H':1S ua”
(Total for Question 4 is 7 marks)
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5. The quadratic equation

2 -3x+7=0
has roots o and S
Without solving the equation,
(a) write down the value of (a + f) and the value of of
1)
(b) determine the value of o + f°
(2)
(c) find a quadratic equation which has roots
1 1
[a —FJ and [,B —?j
giving your answer in the form px” + gx + » = 0 where p, ¢ and  are integers to
be determined.
______________________________________ (6)
0. : o= (Sum of roots) o + (producr of o) =0 |
Pler  o/B pe (oot of  Qualohe :
i - (r R)oe + [wR) =0 |
| Sum of roor: &+ @ :
E proouct of roon: of |
Z_'X’L—.gi ++=0 )-;-2
y'z— —i— X+ % =0
A+6= 3
%« B = %
T IR
B2
b, A'+p = (d+R)-Qxp
2
- (3)°-a(3)
-la
= a4
2 1a
o +f = "2
.
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Question 5 continued

C. a_z—(&lm of (00R) oL  + (product of foots) = O
ot - (v F e )o e[ («-F)x(e- )0
D‘-’L—{d*ﬁ—fz_ﬁ)l*(dﬁ_;_—%+«:s‘ =0
fiz’(‘“" '(«i‘“:i))“— *(“ﬁJ'u:a‘ _(17*1?) =0

2 2 1
o - (arp - (£55)) o «wp g - (B52)) -0
o - (awe - (555 ) 2+ (b - (E55)) =0
(a2, 1 [B))) -0
RN TR NEN

ey S e ke

ocz“’:%1+%‘°
T-a X% = O g

08 " - 185 2L « 309 = O oM integer  coefheients

485" -18sx +309=0

p:=98,q,--185, r-309

020%6%%3
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ILOL0208,
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6. (i)

f(x):x—4—cos(5\/;) x>0

(a) Show that the equation f(x) = 0 has a root «a in the interval [2.5, 3.5]

(2)

(b) Use linear interpolation once on the interval [2.5, 3.5] to find an approximation

to a, giving your answer to 2 decimal places.
2
(i)
(x)—sz—L+x—11 x>0
S0 T2

(a) Determine g'(x).

2

The equation g(x) = 0 has a root f in the interval [6, 7]

(b) Using x,= 6 as a first approximation to 3, apply the Newton—Raphson procedure
once to g(x) to find alsecond approximation to £, giving your answer to
3 decimal places.

2

ia. f(x)= o - &4 - ws(sdx)

flas)= (3s) - 4 - wos(sdes) = -1448210539

f(3s)= (35) -4 - s(SAdE®) = 0-4975064a1&

\

Tee w o S\gn Cchonge  fiom  negotwe 4o posrtve , onol f(x) 13 Cahnuous,
SY00t, 04, les W ndeval  [2s.8S],
Lineac lntecpolachon :

io(: af) ~bf @)  Jor inseal [a,b]i
| f (o) - £(a) I

where X s me  root

___________________________________

x = 95 $(38)-3sflas)
f(zs) - £(as)
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Question 6 continued

f(as): -14483105a9 7 use port (@

f(3s): D-4a7s064a18

X = 95(0 4a725064a18) - 3-5(-1-448310539)

(0-497s0642138) - (- 1-448310539)

A= 23:944320039

X=2-84 (3a.p)

) L S B
o, Q)= 18X Tt T -1

Yéwntre Qa8 wnoices:

-2
9[x)= 1—469(.7'- 54-9(, + oL -M

9'(’(): %3(- + D\:s*i

9'(x) -

nl=>
®
+

Pu\.;
+
P

b. Xo’e

we ofe lookny  for .

i Nuwericat  Sot’s  of €g°s:

i Xnu = Xnp - 'Hxn)

|
|
Newion - Rhopson wetorhon  for solving  x)=0 |
)
:

$'(x0) :

From Newton- Rhopson  weraton ® ‘ Xo = £(Xo)

+(Xo)

(1) must  fma (g (%.) by Subbry W Xo 14) w0 $x

(2) wupr  fnad G'(%) by Oufrerenhoing  $(x) 0nd  Suobng w Xo [1-4)

wid

$1x).

A

J
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Question 6 continued

1
(1) 9t6)=$af6>‘-m*“"“’-

(2) 9'(x): $%* 2 +1

1 A
9'(6):5®O gzt

a3 a1
1080

X 4= 6641 (a-¢-)
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7. The parabola C has equation y* = gx

The point P (%tz, %tj where ¢ # 0, lies on C.

(a) Use calculus to show that the normal to C at P has equation

3tx+3y=1+2¢
3)

The normal to C at the point where # = 9 meets C again at the point Q.

(b) Determine the exact coordinates of Q.

C))

G. Difterorhate  Poruoole et o

2 4
:g'-l

2 (ﬂ.i
MAPTY A
ay 2
ax = 3y

Sub N Coora. P (3”‘1'%*)

ar) 2 2 -1

e g 33 & F
1

Mhﬂgzm" t

M nomar * -t

Set up e eqA 3-3,-.m(x—x,) W M= -+t
(XnUl\: ('.31_{2/3%"")

Y- b -t[a-3¥)
4- Ze- —to+ gt7
(9-5¢)= 2 (-t + 3¢3)

3y-26- -3t +t>

3t +3y = 3+ 2t -

b- Sup n £=9 o normal e eg’: 3@ €3y: (a)*+ & [a)
8#x +3y: 747
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Question 7 continued

(M) normal e eg”: A3 *3y: 4%

4
@) nypecbola es" : Y= 3 X

SOl dee 2 ed’S  Souroredsly 46 hrol PonHS  of nersechon  (wnen £-

(2) HH%DL zx% on bomn sdes

o | Blw

2
C ‘)xaq—onbomswl&s
=1

)] 2
Y

+x

»)

0 7324 3y: 242
TraL =747 -3y

Blpe 243-3y
81y* = 2488 - 12y
Bly"+ 17y -2988 -0 1 .3

X4 on pok Sdes

Aty +4Y-496=0
(2Fy+166) [y - 6)= O

-1¢6
y* 7F o Y=

To dewermvie  Lnen Y - ooronoe oeddgs 40 Coofek Q, fndd  cood ek

iz 2z
Subbing  £=9  wio P (5 %¢)

(s $@)- (23,6)

“ YT 6 pelongs b £:9

Sy '-l%’;e belengs 40 oo Q

firdl O oo BY suBDINg LK 1D ecver (1) or (2) onet &()I\n% for oc.

2 4

y ==z X

2 .2

zY =X

3 [ -lesy? . 6889
4{7,? = X* ez

ond  Coord- Q )

1=9 oy

(Total for Question 7 is 7 marks)
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8. (a) Use the standard results for summations to show that, for all positive integers n,

n

ZI’(Z}’Z - 3r - 1) = %n(n + 1)2 (n - 2)

r=1
“4)
(b) Hence show that, for all positive integers n,
2n 1
Zr(2r2 -3r - l) = En(n — 1)(an + b)(cn + d)
where a, b, ¢ and d are integers to be determined.
“4)
n n 2
0. Siv(art-3r-1)= -3 -r
(4] 1=\
/ Con _spit  summahon o 3
o
n n n
ZQ(3 - 13" - Zr
(] ra\ sl
facte 2 l facr 3 out
out Summaon
SumMmahen l
n “" o Y .
22{3— 32#— i{f Summathons |
1 il 2l S ]
§. Lo v Musy leara | E
: [-:_— n'-(ﬂﬂ)"] _ 3[%0(%)(3»«0} - [3' nlml)) 'Z Y = aln (ne1) :

8(1 = len (n+1) (2n+1)
\":I

k3 1 L2 %
= =n n
26 )

M e formutae wOOKiet

—) [—]

%nt(nu)?' - %nlnﬂ)lanﬂ) - %n(nﬂ)

fothor our Csmmon facior
)

- g—n(nﬂ)[n(na) - (3n+1) - 1] ‘-/

: %n(ml)[nz*n-an-l— IJ

. %n(nu)[nz-n-aj

%n(nﬂ) (n-a2)[n+)

1 2
an(n4a) " (n-3) o shoun

- )

22
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Question 8 continued
2n w0 n-
b Shr(ac™a-1) = S rlac-3-1) - Jelac-ze-1)
(] vrl

r=n

= %(Qn){an r,)z(an_a) _ %(n—l){n-Hl)z(ﬂ—l—Z)

[~

U‘acﬁ:r a out

- Man)lan)ato-r) - 20 (0)* 0-3)

a0 (a0n)l0-1) -4 te-) ) lo-3)

) foctor out

20ln-1)

: %nln—\)[ﬂr (ann)z— nln-s)] /

: %n(ﬂd) [4'(4—1\24—4041) - nzo.?m]

= ;—nlﬂ'l) [u,n‘», 16n+ & -n"-r3nj

1 (3
iy nln-0 [\s n +\an+ 4]

: %n(n—a)(lSo +4)(n+)

%n(m)(lsn +4)(n+) 0715, 4, ¢ol 00

2

J
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9. Given that 5
3z-1 _ A+5i ?
2 A —4i SIS
é\
. SRS
where 4 is a real constant, S
oo
(a) determine z, giving your answer in the form x + yi, where x and y are real and in ;‘;‘,\
terms of 4. =
©) 5
o
. T TS
Given also that argz = — g\g’;;:&
4 cme
000 - S0
(b) find the possible values of A. ;
(2)
O vewme A*rSi  wn form a+bi:
A-&i
Mulhply +op ond potom
7 — b\zj tomplex _Conjugate of oenominator
N\ +5i A At&i . Ar4id «Sid 1307
N - 4 A+ 4i AC- 4iAr4id-l6i®
Ardi A ¥ 2057
z 2
A-16i
= 'Aq' + qid +30(~)
At - 16 (1)
N +4i% -20
N +1b
32-1 . 2 %A -20
2 AR+ 16 \
} reafrange for 2
gl A*rain-20\ 41
> \ A¥+ 16 / /
3
(A 914 =20) 4 1 AN+ 181A- 40 4 Ae16 AN +18iA-40+2"+16
- A"+ 16 i} A"+ 16 A6 A +16
3 3 3 B
\ J 855
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Question 9 continued
‘ < AN 41810 -40 12"+ 16
L 2
gl - 16 = 224 -24+1%% .3 = B(2"-82+62) x v
o 3 A6 A 16 %)
o
%
2 2
Sl s X-3+n
‘ lc—: A+ 16
s
B .
g = A-8 4 b
8 | arte N+ts
| z-= /'\z" 8 + €2 i
5 &'4’16 N+16
f b +0-(\ (;ﬂ) = Att
/ 62 _:5_,:11
g - 2416
2 ¥ £A
& e s A= At-g
= A8 - 6%
= A-62-8=0
(A-3)-a-3-0
K
\\ (a-3Y'-12=0
R (A-3)=12
2 -2 = T
N7 3 E1F

As o real and oGy Companent  wusk e posthee Az 3-AF ooy e
o sov. = A=3+07 only.

A= R+

‘<\\‘\3?
§a <lotel
<
o1 2600
=
E S
:\ Q
0
O
o
a:

: (Total for Question 9 is 6 marks)
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10. (i) Prove by induction that for ne Z"

5 —1"_3%12n+3 —n
4 1) 4n 3-2n

RALTMIONDG.

(5)
(ii) Prove by induction that for neZ"
f(n) — 82n+l + 62"71 Z\
-‘i\
is divisible by 7 =z
o |z
i. N Bose Case: Prove awe for n:1 :";

LhS: |—5 —)—|'I= |—5 _)—

)

ens: 3 [awss <0 | 2 [s -]

5
|40 3-20] [a 1|

LHS =RHS - dwe  for n=1

(2) Pssume Awme  for nsk:

[s -] &7onss ox ]

[e 0| ax oa]

'f\nml;mg ohead, Sub 11 N=K+4 o Proof:

MS S whot we or dying 4o prove using  (2):

L (s -l\Kﬂg M-'/a(lm)«rs —(xn) )
n m': §"|E?x+3 _k—||'5 _)‘| E {a 1) \ 4y 3-aqen/

L
Make o noje SO we kaow

What o Qe uomﬂg_‘lnuam—

_ _kn .-
5 - =3 |Tak FUSY+ (VK (Awd) b+ (X))
4 uak) () + (3@  (an) D +(3-1K)0)
_ _kn
5 - = 3',‘ |—6K +15 -3 k-3—|
4 1Br+18 -6k +3J 55
\_ - - ) \
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Question 10 continued
K+ ‘o
|—5 _)—| =3 |—3(QM+S) ‘S(Kﬂ)—|
Lq. \J |£l4—u+4) 3(-ak*|ﬂ
K+ -
[s -] =d"xa] fawrs) (ke ]
[ \J LM‘K»—'\-) (-Qkﬂﬂ
Kk .y
[s 2] -8 [atwea  —txm | we e azked
q \_I |_4»(u-m) s-a(n*il
(1) Conclusion
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Question 10 continued
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